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1. Introduction
Different approaches that are used
for the gas discharge modeling can by classified as fluid models, kinetic (particle)
models, and their combinations known as
hybrid models. Advantages of the fluids
models are their relative simplicity and
computational efficiency. However, these
models are very approximate, mainly due to
the “local field approximation”, which is
usually employed by fluid models to determine the transport parameters and the ionization rate [1].
The nonlocal kinetics of electrons is
approximately taken into account in the ”extended fluid models”, in which the electrons
are described in terms of fluid dynamics but
their transport and kinetic coefficients are
calculated as functions of the electron temperature rather than of the local electric
field, through the solution of the local
Boltzmann equation [2].
Exact description of electron behavior can be obtained by solving kinetic
Boltzmann equation [3]. However, this approach is mathematically very complicated.
Method known as PIC/MCC, which couples
MC simulations for the behavior of electrons and ions to the Poisson equation for
the self-consistent electric field, is also time
consuming [4].
Necessity of separate treatment of
different, independently behaving electron
groups (i.e. non-locality of their EDF) leads
to development of hybrid models, which
represent a compromise between computationally effective but very approximate fluid
models and accurate but time consuming
particle and kinetic models [5]. Basically,

two main groups of electrons are identified,
which are high energetic (fast) electrons and
low energetic (slow) bulk electrons. Hybrid
models usually employ Monte Carlo method
for fast electron dynamics, while slow plasma species are described as fluids.
In this work, we incorporated effect
of fast electrons into the ”extended fluid
model” of glow discharge by the analytical
approximation of the ionization source function [1, 6], and then integrating it into the
fluid model. Comparison with the experimental data as well as with the hybrid and
particle modeling results exhibits good applicability of the proposed model.
2. Fluid model
Fluid model for the gas discharge includes
continuity equations for the charged and
excited particles,
𝜕𝑛𝑘
+ 𝛻 ∙ 𝜞𝑘 = 𝑆𝑘 ,
(1)
𝜕𝑡
completed with the Poisson equation for the
electrostatic field,
𝜀0 𝛻 ∙ 𝑬 =

𝑘

𝑞𝑘 𝑛𝑘 , 𝑬 = −𝛻𝜑

(2)

Here, subscript 𝑘 indicates the kth species
(we will also use subscripts 𝑖, 𝑒, 𝑚 and 𝑔
for the ions, electrons, metastable atoms and
background gas, respectively), 𝑛 stands for
the number density, 𝑆 denotes the particle
creation rate, 𝑬 and 𝜑 are the electric field
and potential, 𝑞 is the charge, and 𝜀0 is the
dielectric constant. 𝜞 denotes the particle
flux, which, with parameters 𝜇 and 𝐷 denoting the mobility and diffusion coefficients,
is given in the drift-diffusion approximation,

𝜞𝑘 = 𝑠𝑔𝑛 𝑞𝑘 𝜇𝑘 𝑛𝑘 𝑬 − 𝐷𝑘 𝛻𝑛𝑘 (3)

the traditional “simple fluid” model. Within
this model,

Equations (1)–(3), with particle transport
coefficients and volume source terms in the
particle balance equations specified, form
Table 1. Elementary reactions considered in this study. Label Boltz. indicates that constant was calculated from
local Boltzmann equation.
Reaction

Type

∆𝐸 (eV)

Constant

1

𝑒 + 𝐴𝑟 ⟶ 𝑒 + 𝐴𝑟

Elastic collision

0

Boltz.

2

𝑒 + 𝐴𝑟 ⟶ 2𝑒 + 𝐴𝑟 +

Direct ionization

15.8

Boltz.

3

𝑒 + 𝐴𝑟 ⟷ 𝑒 + 𝐴𝑟 ∗

Excitation

11.4

Boltz.

4

𝑒 + 𝐴𝑟 ⟶ 𝑒 + 𝐴𝑟

Excitation

13.1

Boltz.

5

𝑒 + 𝐴𝑟 ∗ ⟶ 2𝑒 + 𝐴𝑟 +

Stepwise ionization

4.4

Boltz.

6

2𝐴𝑟 ∗ ⟶ 𝑒 + 𝐴𝑟 + + 𝐴𝑟

Penning ionization

-

6.2×10-10 cm3s-1

7

𝐴𝑟 ∗ ⟶ 𝜈 + 𝐴𝑟

Radiation (including trapping)

-

1.0×107s-1

Index

particle creation rate is determined as function of reduced electric field 𝐸/𝑝 (”local
field approximation”), which, in general, is
an unacceptable approximation [1]. In order
to incorporate the nonlocal transport of electrons into the fluid model, electron energy
equation is included in the set of “extended
fluid model” equations (see, e.g., [2]),
𝜕𝑛𝜀
+ 𝛻 ∙ 𝜞𝜀 = 𝑆𝜀
𝜕𝑡
where 𝑛𝜀 = 𝑛𝑒 𝜀 is the electron energy density, 𝜀 = 3 2 𝑘𝐵 𝑇𝑒 denotes the mean electron energy, and density of the electron
energy flux is
𝜞𝜀 = −𝜇𝜀 𝑛𝜀 𝑬 − 𝐷𝜀 𝛻𝑛𝜀 .

(4)

Energy transport coefficients are related to
particle transport coefficients via 𝜇𝜀 =
5 3 𝜇𝑒 and 𝐷𝜀 = 5 3 𝐷𝑒 .
Source function for the electron energy equation has a form
𝑆𝜀 = 𝑃𝑒𝑎𝑡 + 𝑃𝑒𝑙𝑎𝑠𝑡𝑖𝑐 + 𝑃𝑖𝑛𝑒𝑙𝑎𝑠𝑡𝑖𝑐 ,
where the first term describes the Joule heating (or cooling) of electrons in the electric
field, 𝑃𝑒𝑎𝑡 = −𝑒𝜞𝑒 ∙ 𝑬, the second term
expresses the elastic losses,

𝑃𝑒𝑙𝑎𝑠𝑡𝑖𝑐 = −

3 𝑚𝑒
𝜈 𝑛 𝑘 𝑇 − 𝑇𝑔 ,
2 𝑚𝑔 𝑒𝑎 𝑒 𝐵 𝑒

and the last term is the energy loss in inelastic collisions, 𝑃𝑖𝑛𝑒𝑙𝑎𝑠𝑡𝑖𝑐 = 𝑗 ∆𝐸𝑗 𝑅𝑗 . In these
equations, 𝜈𝑒𝑎 denotes the electron-atomic
elastic collision frequency, 𝑚 is the particle
mass, background gas temperature 𝑇𝑔 =
300 K, ∆𝐸𝑗 and 𝑅𝑗 are the energy loss (or
gain) due to inelastic collision and corresponding reaction rate.
Mobility and diffusion coefficients of
heavy particles are approximated by constant parameters, which depends on background gas density, and related by the expression 𝐷𝑖 𝜇𝑖 = 𝑘𝐵 𝑇𝑖 𝑒 with 𝑇𝑖 = 𝑇𝑔 .
Electron mobility, 𝜇𝑒 , and diffusion, 𝐷𝑒 , are
computed from
𝜇𝑒 = −

1 𝑒
𝑛𝑒 𝑚𝑒

𝐷𝑒 = −

1
𝑛𝑒

∞
0
∞
0

𝐷𝑟 𝜀

𝜕
𝑓 𝜀 𝑑𝜀,
𝜕𝜀 0

𝐷𝑟 𝜀 𝑓0 𝜀 𝑑𝜀,

where 𝜀 = 𝑚𝑣 2 2𝑒 is the electron kinetic
energy (in eV units), 𝑣 is the electron velocity, 𝐷𝑟 = 2𝜀 3𝑚𝑒 𝜈𝑒𝑎 is the space diffusion
coefficient, and 𝑓0 𝜀 is the EEDF obtained
from the solution of the local Boltzmann

equation.

responding cross-sections,
∞

𝐾𝑅 =

0

𝜎𝑅 𝜀 𝑣 𝜀

𝜀𝑓0 𝜀 𝑑𝜀.

3. Models with a nonlocal ionization
source

FIG. 1. Electron cross sections for (1) elastic, (2)
direct ionization, (3) excitation, (4) excitation, and
(5) stepwise ionization collisions in argon, used in
the model. Curve labels correspond to indices of
corresponding processes in Table 1.

The calculations were performed for
an argon gas, and three plasma species,
namely, electrons, positive ions, and metastable atoms were taken into account. The set
of reactions is given in Table 1, and collision
cross-sections are shown in Fig. 1.
Balance of charged particles, in the
absence of recombination, is determined by
the direct, stepwise, and Penning ionization
processes,

We formulated the nonlocal ionization
source in the way suggested in Refs. [1, 6].
The discharge gap is divided into two regions, namely, the cathode sheath region
where the electric field is strong, and the
plasma region, where the field is weak.
These regions are separated by a point
𝑥 = 𝑑, the sheath boundary, which is determined as a distance 𝑥 from the cathode such
that the equality 𝑛𝑒 𝑥 = 0.5 𝑛𝑖 (𝑥) holds.
Since the ionization source term 𝑆𝑓𝑎𝑠𝑡 (𝑥)
decays exponentially with distance from the
sheath boundary, it can be approximated as
𝑆𝑓𝑎𝑠𝑡 (𝑥) ∝ 𝑒 −𝛼(𝑥−𝑑)/𝜆 (𝑥 ≥ 𝑑)
with a decay constant 𝜆. Taking into account
that the maximum value of the ionization
source is

2
𝑆𝑒 = 𝑆𝑖 = 𝐾2 𝑛0 𝑛𝑒 + 𝐾5 𝑛𝑚 𝑛𝑒 + 𝐾6 𝑛𝑚

𝑆𝑓𝑎𝑠𝑡 𝑥 = Γ𝑒 0 𝛼𝑒 𝛼𝑑 ,

Here, 𝐾 denotes the constant of the corresponding reaction, 𝑛0 is the concentration of
neutral atoms. Reaction constants are numbered according to the list of processes in
Table 1. Balance of excited atoms is determined by the reactions of excitation, deexcitation, stepwise ionization, Penning ionization and radiation,

where Γ𝑒 0 is the electron flux density at
the cathode and 𝛼 is the Townsend ionization coefficient, function 𝑆 takes the form

𝑆𝑚 = 𝐾3 𝑛0 𝑛𝑒 − 𝐾 ′ 3 𝑛𝑚 𝑛𝑒 − 𝐾5 𝑛𝑚 𝑛𝑒
2
− 2𝐾6 𝑛𝑚
− 𝐾7 𝑛𝑚 ,

We approximated Townsend ionization coefficient 𝛼 by the estimation from Ref. [7],
with the effective field ℰ calculated as average field over the cathode sheath, ℰ =
𝜑(𝑑) 𝑑 . As a decay constant 𝜆, we used an
estimation proposed in Ref. [1],

where 𝐾3′ is the rate constant of superelastic
electron collisions, which correspond to the
left-directed arrow for the process 3 in Table
1. Cross-section corresponding to this
process is determined by the detailed balance relationship.
For the electron-induced reactions
(processes 1–5 in the Table 1), rate constants
𝐾 are calculated by convolving the EEDF,
obtained from the solution of the local
Boltzmann kinetic equation, with the cor-

𝑆𝑓𝑎𝑠𝑡 𝑥
Γ𝑒 0 𝛼𝑒 𝛼𝑥
=
𝛼
Γ𝑒 0 𝛼𝑒 𝛼𝑑 𝑒 −

for 𝑥 ≥ 𝑑

(5)

(𝑝𝐵) − 𝑑
,
(6)
𝛼𝑑
where 𝐵 = 180 V/(cm · Torr) for an argon
gas.
𝜆=

𝜑 𝑑

for 𝑥 < 𝑑
𝑥−𝑑
𝜆

𝑆𝑓𝑎𝑠𝑡

We incorporated ionization function
defined by (5) into

1. ”simple” fluid model of glow discharge,
where the plasma is composed of two species only, namely, the positive ions and electrons, and the ionization source function is
𝑆𝑒 = 𝑆𝑖 = 𝑆𝑓𝑎𝑠𝑡
2. ”extended” fluid model of glow discharge
with,
𝑆𝑒 = 𝑆𝑖 = 𝑆𝑓𝑎𝑠𝑡 + 𝐾2 𝑛0 𝑛𝑒 + 𝐾5 𝑛𝑚 𝑛𝑒
2
+ 𝐾6 𝑛𝑚
,
𝑆𝑚 = 0.5𝑆𝑓𝑎𝑠𝑡 + 𝐾3 𝑛0 𝑛𝑒 − 𝐾 ′ 3 𝑛𝑚 𝑛𝑒
2
−𝐾5 𝑛𝑚 𝑛𝑒 − 2𝐾6 𝑛𝑚
− 𝐾7 𝑛𝑚 .

In the model 1, electron mobility and diffusion, 𝜇𝑒 and 𝐷𝑒 , have been taken to be constants corresponding to those of the model 2,
corresponding to the temperature 𝑇𝑒 = 1 eV.
Heating term in the equation of electron
energy balance is estimated (see Ref. [8] for
details) by
𝑃𝑓𝑎𝑠𝑡 =

1
𝜈𝑒𝑒
∆𝐸3 𝑆𝑓𝑎𝑠𝑡
,
2
𝜈𝑒𝑒 + 𝛿𝜈𝑒𝑎 + 𝜈𝑑𝑓

where 𝜈𝑑𝑓 = 𝛬2 𝐷𝑒𝑓 , 𝛬 is the characteristic
diffusive scale, 𝐷𝑒𝑓 is the free diffusion
coefficient of electrons.
4. Boundary Conditions
Boundary condition for the positive ions,
metastable atoms, and electron energy density at the anode and cathode are given as
follows
𝒏 ∙ 𝜞𝑖 = 1 4 𝑣𝑖 𝑛𝑖 + 𝛼𝑛𝑖 𝜇𝑖 𝒏 ∙ 𝑬 ,
𝒏 ∙ 𝜞𝑚 = 1 4 𝑣𝑚 𝑛𝑚 ,
𝒏 ∙ 𝜞𝜀 = 1 3 𝑣𝑒 𝑛𝜀 .
FIG. 2. Comparison with the hybrid model
results from Ref. 5, for the set of conditions
𝑝 = 133 Pa, 𝑉 = 250 V, 𝐿 = 1 cm, 𝛾 = 0.06.
Spatial distributions of (a) electron and ion
density, (b) electric field, (c) ionization source
function, (d) electron temperature.

Here, 𝑣𝑗 = 8𝑘𝐵 𝑇𝑗 𝜋𝑚𝑗 (𝑗 = 𝑒, 𝑖, 𝑚) denotes the thermal velocity, the flux density 𝜞
is described by the equations (3) and (4), 𝒏
is the normal unit vector pointing towards
the surface, and 𝛼 is a switching function
(either 0 or 1) depending on positive ion

drift direction at the surface: 𝛼 = 1 if
(𝒏 ∙ 𝑬) > 0 and 𝛼 = 0 otherwise.
Boundary conditions for the electron
density at the anode is
𝒏 ∙ 𝜞𝑒 = 1 4 𝑣𝑒 𝑛𝑒 ,
and at the cathode
𝒏 ∙ 𝜞𝑒 = 1 4 𝑣𝑒 𝑛𝑒 − 𝛾𝒏 ∙ 𝜞𝑖 ,
where 𝛾 is the secondary electron emission
coefficient.
For the electric potential, we set
𝜑 = 𝑈𝑑 at the anode and 𝜑 = 0 at the cathode.
5. Modelling results

FIG. 3. Comparison with the hybrid model results
from Ref. 5, for the set of conditions 𝑝 = 40 Pa,
𝑉 = 441 V, 𝐿 = 3 cm, 𝛾 = 0.033. Spatial distributions of (a) electron and ion density, (b) electric field,
(c) ionization source function, (d) electron temperature.

In order to demonstrate the performance of
the model, first we carried out test simulations for the discharge conditions from Ref.
5. Figures 2 and 3 compare spatial distributions of the discharge parameters obtained
by the hybrid model from Ref. 8 with those
obtained from the present model, for the two
sets of conditions. The first set comprises
𝑝 = 133 Pa, 𝑉 = 250 V, 𝐿 = 1 cm,
𝛾 = 0.06. For the second set, the parameters
are 𝑝 = 40 Pa, 𝑉 = 441 V, 𝐿 = 3 cm,
𝛾 = 0.033. Figures 2 and 3 contain (a) the
distributions of the electron and ion densities, 𝑛𝑒 and 𝑛𝑖 (b) electric field magnitude
𝐸, (c) ionization source functions 𝑆, and (d)
electron temperature, 𝑇𝑒 . These figures illustrate also numerical results obtained by the
”extended fluid” model, and the results obtained with the ionization function from Ref.
[6] integrated into the ”extended” fluid
model.
As can be seen from Figs. 2 and 3,
proposed model provides much better performance compared to the ”extended fluid”
model. Magnitudes and shapes of the
charged particle densities (panels (a)) as
well as the electric field (panels (b)) are
closed to those obtained from the hybrid
model. Also, the electron temperature is not
overestimated as in the case of the ”extended fluid” model (panels (d)).
As can be seen from Fig. 2, models

with nonlocal ionization source, derived
from the ”simple” and ”extended” fluid
models, practically coincide under the studied (short) discharge conditions, because
the nonlocal ionization term dominates over
other ionization processes involved, namely
stepwise and Penning ionizations.

FIG. 4. Voltage as a function of the reduced current
density, for 𝑝𝐿 = 0.5 cmTorr. Measured data are
from Ref. [4, 9-10]. Present model results with different approximations for the parameters 𝛾 and 𝜆 as
indicated in the legend.

As always in models for the glow discharge, secondary emission coefficient 𝛾 is
one of the main sources of uncertainty. In
order to demonstrate the effect of this parameter, Fig. 2 contains also numerical result
obtained using the parameter 𝛾 approximated by [7]
𝛾 = 0.01 𝐸 𝑛

0.6
𝑐 ,

(7)

where the reduced electric field is evaluated
at the cathode, and given in units of kTd (1
kTd = 10-20 Vcm2). For the second reference
conditions set, 𝛾 determined by (7) appears
to be very close to 𝛾 = 0.033 such that the
numerical results obtained with these parameters practically coincide.
Figure 4 compares measured voltampere characteristics (VAC) of Refs. [4, 910] and VAC from the semi-analytical calculations of Ref. [1] with those obtained
from the present model for 𝑝𝐿 = 0.5
cmTorr, with parameter 𝛾 approximated by
the equation (7) and one half of this 𝛾, and
with parameter 𝜆 determined by (6) and by

constant 𝜆 = 0.1 cm. It is seen that results
of the proposed model are close to those
obtained from the measurements and it provides much better performance compared to
the ”extended fluid” model.
Conclusions
We developed and tested a simple hybrid
model for a glow discharge, which incorporates nonlocal ionization by fast electrons
into the fluid framework, and thereby overcomes the fundamental shortcomings of the
fluid model. At the same time, proposed
model is computationally much more efficient compared to the models involving
Monte Carlo simulations.
Calculations have been performed for
an argon gas. Comparison with the experimental data as well as hybrid (particle) and
fluid modelling results exhibits good applicability of the proposed model.
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